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Abstract
In this paper we derive 4-dimensional General Relativity from three
dimensions, using the intrinsic spatial geometry inherent in Yang–Mills
theory which has been exposed by previous authors as well as as some
properties of the Ashtekar variables. We provide various interesting
relations, including the fact that General Relativity can be written as
a Yang–Mills theory where the antiself-dual Weyl curvature replaces
the Yang–Mills coupling constant. We have generalized the results
of some previous authors, covering Einsteins spaces, to include more
general spacetime geometries.
1
1 Introduction
In the Ashtekar formalism one embeds General Relativity into the phase
space of a complexified SO(3) Yang–Mills theory. The Yang–Mills electric
field Eia is interpreted as densitized triad σ˜
i
a,
1 given by
σ˜ia =
1
2
ǫijkǫabce
b
je
c
k. (1)
Equation (1) is an antisymmetric combination of spatial triads eai , while
the same set of triads arranged in symmetric combination defines a spatial
3-metric hij , given by
hij = e
a
i e
a
j . (2)
Equations (1) and (2) encode the same information and presumably should
lead to alternate but equivalent descriptions of General Relativity. The
Ashtekar formalism, which uses σ˜ia as a basic momentum space variable,
can be written in 3+1 form as ([1],[2],[3])
IAsh =
∫
dt
∫
Σ
d3xσ˜iaA˙
a
i +A
a
0Diσ˜
i
a −HAsh(σ˜, A), (3)
where Aai is a SO(3, C) gauge connection with magnetic field B
i
a. The
Hamiltonian in (3) is given by
HAsh = ǫijkN
iσ˜jaB
k
a +
i
2
Nǫijkǫ
abcσ˜iaσ˜
j
b
(
Bkc +
Λ
3
σ˜kc
)
, (4)
and the fields Nµ = (N,N i) are auxilliary fields, respectively the lapse
function and shift vector, with N = N(detσ˜)−1/2. These fields smear re-
spectively the Hamiltonian and diffeomorphism constraints, and Aa0 in (3)
smears the Gauss’ law constraint. The action (3) is identical in structure
with SO(3) Yang–Mills theory, albeit with a different Hamiltonian (4).
In this paper we will show that General Relativity and Yang–Mills theory
are in a sense more literally related. To accomplish this we will harness the
relation of nonabelian gauge theory to intrinsic spatial geometry which has
been exposed by previous authors within the purely Yang–Mills context.
Some of the main ideas contained in this paper have been applied in [4] and
[5], where the authors uncover a natural spatial geometry encoded within
1For index conventions internal SO(3, C) indices will be denoted by lowercase symbols
from the beginning part of the Latin alphabet a, b, c, . . . , and 3-dimensional spatial indices
from the middle part i, j, k . . . . Both types of indices take values 1− 3.
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SU(2) and SU(3) Yang-Mills theory. It is shown how using locally gauge-
invariant quantities, one obtains a geometrization of these gauge theories in
the form of a 3-dimensional Einstein space Q(3) with Ricci tensor
Rij = khij (5)
where k is a numerical constant. We would like to generalize this to four
spacetime dimensions exhibiting the two local degrees of freedom of General
Relativity. But it is known that 3-dimensional gravity can be described as
a topological field theory, with no propagating degrees of freedom [6]. We
will show that (5) actually describes a 4-dimensional geometry if the space
Q(3) is allowed to have torsion, which specifically must be identified with
the extrinsic curvature of 3-space.
The organization of this paper is as follows.2 In Section 2 we define a
3-dimensional affine connection Γijk and relate its curvature to the Ashtekar
magnetic field Bia. The torsion of Γ
i
jk has the degrees of freedom of a 3-
dimensional extrinsic curvature tensor when Gauss’ law holds, which sug-
gests the existence of a 4-dimensional Einstein Hilbert action based upon
the space Q(3). Section 4 puts in place the canonical structure necessary
to make this the case, and performs a Legendre map into the Hamiltonian
formulation. In Section 5 we show that Q(3) also defines a Yang–Mills action
in curved spacetime, with gravitational degrees of freedom encoded in a field
Ψae which takes the place of the Yang–Mills coupling constant. The results
of sections 2 and 3 suggest that Einstein’s 4-dimensional metric gravity and
this Yang–Mills theory are the same theory, provided that the role of the
Gauss’ constraint can be clarified. The field Ψae takes on the interpretation
of the self-dual Weyl tensor, which in Section 6 we show to be the Einstein
tensor of Q(3). The constraints on Ψae are a natural consequence of the
Bianchi identities for Q(3). Section 7 is the conclusion and a discussion,
where we write down an action principle based on the fields Ψae and A
a
i .
In this paper we will make use of three different connections Di, ∇i and
∇i, which must be defined in order to avoid confusion. Di is the the gauge
covariant derivative whose action on SO(3, C) 3-vectors va is given by
Diva = ∂iva + fabcA
b
ivc, (6)
where Aai is the Ashtekar connection. The object ∇i is the unique torsion-
free covariant derivative compatible with the spatial triad eai , while ∇i is
the analogous covariant derivative when there is torsion present.
2The main result of sections 2 through 4 which is new is the association of 3-dimensional
torsion with extrinsic curvature. While some of the background material in these sections
might be familiar to the reader and can be skimmed, it is necessary to set the context,
framework and notation for sections 5 and 6 which contain the main results of this paper.
2
2 Gauge curvature versus Riemannian curvature
To proceed with the goals of this paper we must first re-write the Ashtekar
variables as spatial geometric variables. Define an affine connection Γkij , in
direct analogy to [4], such that
Die
a
j = ∂ie
a
j + f
abcAbie
c
j = Γ
k
ije
a
k (7)
where Di is the gauge covariant derivative with respect to the SO(3, C)
gauge connection Aai . Let us establish the effect of Di on symmetric and
antisymmetric combinations of a spatial triad eai , namely a densitized triad
σ˜ia and a spatial 3-metric hij given by
σ˜ia =
1
2
ǫijkǫabce
b
je
c
k; hij = e
a
i e
a
j . (8)
Note also that hij = (detσ˜)(σ˜
−1)ai (σ˜
−1)aj , which is equivalent to (8) for
nondegenerate triads.3 The gauge covariant derivative acts on σ˜ia via
Dmσ˜
i
a = ǫ
ijkǫabce
b
jDme
c
k = ǫ
ijkǫabce
b
jΓ
n
mke
c
n, (9)
where we have used (7) and (8). Equation (9) can then be re-written as
Dmσ˜
i
a = ǫ
ijkǫljnΓ
n
mkσ˜
l
a =
(
δilδ
k
n − δinδkl
)
Γnmkσ˜
l
a = (δ
i
lΓ
k
mk − Γiml)σ˜la. (10)
Let us now impose the Ashtekar Gauss’ law constraint on the densitized
triad Diσ˜
i
a = 0. The trace of (10) over spatial indices is given by
Diσ˜
i
a = (Γ
k
lk − Γkkl)σ˜la = 0. (11)
Therefore when Gauss’ law (11) holds, the trace of the torsion of Γijk must
vanish, where T ijk = Γ
i
[jk] is the torsion. Then in the decomposition
T ijk = ǫjkmS
mi +
1
2
(
δijak − δikaj
)
(12)
where Smi = Sim is symmetric,4 we have T iik = 0 which implies that ak = 0
and T ijk = ǫjkmS
mi. The effect of imposing Gauss’ law would be to reduce
the torsion T ijk from nine to six degrees of freedom.
Having examined the consequences of the gauge covariant derivative for
an antisymmetric combination of triads, let us now do so for a symmetric
combination. Acting on the 3-metric hij we have
Dmhij = ∂mhij = Dm(e
a
i e
a
j ), (13)
3In the course of this paper we will show that hij is the spatial part of a spacetime
metric gµν solving the Einstein equations.
4This is reminiscent of the decomposition of the structure constants of the Lie algebra
for a Bianchi group [7], except we are referring to the full theory and not minisuperspace.
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where we have used that the metric hij is a gauge scalar due to the absence
of internal indices. Expanding (13), we have
∂mhij = e
a
i (Dme
a
j ) + (Dme
a
i )e
a
j = e
a
i Γ
n
mje
a
n + Γ
n
mie
a
ne
a
j (14)
where we have used (7). We can rewrite (14) as
∂mhij − Γnmjhin − Γnmihnj = ∇mhij = 0, (15)
which recognizes the covariant derivative of the 3-metric, seen as a second-
rank tensor, with respect to the connection Γkij. Equation (15) states that
the connection Γijk is compatible with the 3-metric hij constructed from the
triads. Note that this is not the 3-dimensional Levi–Civita connection Γi(jk)
since Γijk is in general allowed to have torsion.
5
We will now compute the curvature of the connection Γijk using
Dje
a
k = Γ
m
jke
a
m (16)
as in (7). Acting on (16) with a second gauge covariant derivative in the
index i and subtracting the result with i and j interchanged, we get
[Di,Dj ]e
a
k =
(
∂iΓ
n
jk − ∂jΓnik + ΓnimΓmjk − ΓnjmΓmik
)
ean = R
n
kije
a
n. (17)
One recognizes in (17) the 3-dimensional Riemann curvature tensor of the
connection Γijk, which is a completely spatial tensor of fourth rank. But
the definition of the gauge covariant derivative allows us to re-write the left
hand side of (17) in terms of the SO(3, C) gauge curvature
[Di,Dj ]e
a
k = ǫijlǫ
lmnDmDne
a
k = ǫijlf
abcBlbe
c
k, (18)
where Bia = ǫ
ijk∂jA
a
k+
1
2ǫ
ijkfabcA
b
jA
c
k is the magnetic field for the connection
Aai . Equality of (18) with (17) implies that
ǫijlf
abcBlbe
c
k = R
n
kije
a
n = RnkijE
n
a . (19)
In (19) we have defined Ena as the matrix inverse of the triad e
a
i , such that
Ena e
a
m = δ
n
m; E
n
a e
b
n = δ
b
a. (20)
Transferring Ena to the left hand side of (19) and using (20), we have
Rnkij = ǫijlf
cabecke
a
nB
l
b = ǫijlǫknmσ˜
m
b B
l
b, (21)
where we have used (8). The result of this section has been to show that
the SO(3, C) gauge curvature encoded in the Ashtekar magnetic field Bia is
directly related to a completely spatial Riemann curvature tensor having no
temporal components. This is the curvature tensor of a 3-dimensional space
with torsion, which we will refer to as Q(3).
5Moreover, the torsion in general contains nine degrees of freedom, since there is noth-
ing at this stage which requires Gauss’ law to be satisfied as in (11).
4
3 Ingredients for the Einstein–Hilbert action
In the next two sections we will show how Einstein’s General Relativity of 4-
dimensional spacetime follows from the intrinsic spatial 3-geometry of Q(3).
First expand the full Riemann curvature using the result of (17)
Rnkij(Q
(3)) = ∂iΓ
n
jk − ∂jΓnik + ΓnimΓmjk − ΓnjmΓmik. (22)
Then split the affine connection Γijk into a part compatible with the 3-metric
hij and a part due to torsion
Γijk = Γ
i
(jk) + T
i
jk, (23)
where the curvature of the metric compatible part Γi(jk), namely the Levi–
Civita connection due to symmetry in lower indices, is given by
Rnkij[h] = ∂iΓ
n
(jk) − ∂jΓn(ik) + Γn(im)Γm(jk) − Γn(jm)Γm(ik). (24)
Substituting (23) into (22) and using (24), we have
Rnkij(Q
(3)) = Rnkij[h] + T
n
imT
m
jk − T njmTmik
+∂iT
n
jk + Γ
n
(im)T
m
jk + Γ
m
(jk)T
n
im − ∂jT nik − Γn(jm)Tmik − Γm(ik)T njm. (25)
Next, contract (25) by summing over n = i to obtain the 3-dimensional
Ricci tensor, in conjunction with using T iim = 0 as follows from (11).
6 Then
the first line of the right hand side of (25) reduces to
Rkj[h] + T
i
imT
m
jk − T ijmTmik = Rkj [h]− T ijmTmik (26)
and the second line reduces to
∂iT
i
jk + Γ
i
(im)T
m
jk − Γi(jm)Tmik − Γm(ik)T ijm = ∇iT ijk, (27)
where one recognizes ∇iT ijk as the covariant divergence of the torsion T ijk
with respect to the Levi–Civita connection Γi(jk). We will next re-combine
(27) with (26) and contract the sum with hjk to form the three dimensional
curvature scalar R of Q(3). Note that this contraction annihilates (27) due
to antisymmetry of the torsion T ijk = T
i
[jk], and we are left with
R(Q(3)) = R[h]− hkjT njmTmnk (28)
as follows from (25). Recall the following decomposition from (12), which
when the Gauss’ law constraint is satisfied simplifies to
T njm = ǫjmlS
ln. (29)
6This is at this stage a simplifying assumption needed to obtain General Relativity.
We will show later that this condition, which follows from the Gauss’ law constraint, is
actually required as a consistency condition on the space Q(3).
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Substituting (29) into (28), we obtain the following expression for the term
quadratic in torsion
hkjT njmT
m
nk = h
kjǫksnǫjmrS
smSnr
= (deth)−1
(
hnrhsm − hnmhsr
)
SrnSsm = (deth)−1
(
(trS)2 − SsmSsm
)
. (30)
Let us make the definition
Sij = β
√
hKij (31)
where β is a parameter which will be specified later. Then substitution of
(31) into (30) and (28) yields
R(Q(3)) = R[h]− β2((trK)2 − trK2). (32)
Multiplication of (32) by
√−g = N
√
h and integration over spacetime yields
I =
∫
dt
∫
Σ
d3xN
√
h
(
(3)R[h]− β2((trK)2 − trK2)). (33)
If one could identify Kij with the extrinsic curvature of 3-space Σ, then
the right hand side of (33) for β = i would be the Einstein–Hilbert action.
But this identification cannot be made arbitrarily. So we need justification
for the choice ak = 0 leading to (31), as well as a physical principle for
identifying Kij with extrinsic curvature. We will provide the latter in the
next section, and relegate the former to sections 5 and 6.
4 The canonical structure
Before the identification of (33) with the Einstein–Hilbert action can be
made, the appropriate canonical structure must be put in place. Consider an
infinitesimal SO(3, C) gauge transformation and spacetime diffeomorphism
δ
~η,~ξ
parameterized by ~η = ηa and ξ = ξµ respectively. The spacetime metric
gµν and a 4-dimensional SO(3, C) gauge connection A
a
µ transform as [8]
7
δ~η,ξgµν = Lξgµν = ξ
σ∂σgµν + (∂µξ
σ)gσν + (∂νξ
σ)gσµ;
δ~η,ξA
a
ν = LξA
a
ν + δ~ηA
a
ν = Dν(ξ
µAaµ) + ξ
µF aµν −Dνηa. (34)
We will show that the restriction of (34) to purely spatial fields hij ≡ gij ⊂
gµν and A
a
i ⊂ Aaµ provides the ingredients needed for the canonical structure.
For what follows we will restrict the spacetime diffeomorphisms to the form
ξν = δν0 + δ
ν
kN
k, (35)
7In (34) we have used δ~ηgµν = 0, namely that the spacetime metric is gauge-invariant.
Also, Lξ is the Lie derivative along the vector field ξ
µ.
6
which consists of a spatial part Nk and a temporal part δν0 . Substituting
(35) into the spatial part of the second equation of (34), we obtain
δ~η,~ξA
a
i = Di
(
(δµ0 +N
kδµk )A
a
µ
)
+ (δµ0 +N
kδµk )F
a
µi
= DiA
a
0 +Di(N
kAak) + F
a
0i +N
kF aki −Diηa
= A˙ai +Di(N
kAak − ηa) + ǫilkBlaNk, (36)
where we have used F a0i = A˙
a
i −DiAa0. Defining Aa0 ≡ ηa−NkAak as the tem-
poral component of the connection, multiplying (36) by σ˜ia and integrating
over spacetime by parts we obtain the following integrand
σ˜iaδ~η,ξA
a
i = σ˜
i
aA˙
a
i +A
a
0Diσ˜
i
a + ǫilkσ˜
i
aB
l
aN
k. (37)
Note that (37) is the same as (3) and (4) with regard to σ˜iaA˙
a
i and the
Gauss’ law and diffeomorphism constraint terms. Having shown that the
aforementioned prescription correctly produces the canonical structure and
kinematic constraints (Gauss’ law and diffeomorphism constraints) for the
Ashtekar formulation, we will now follow suit for the metric case.
First we must substitute (35) into the spatial part of the first equation
of (34) which gives
δ~η,~ξgij = (δ
σ
0 + δ
σ
kN
k)∂σgij + ∂i(δ
σ
kN
k)gσj + ∂j(δ
σ
kN
k)gσi
= ∂0gij +N
k∂kgij + (∂iN
k)gkj + (∂jN
k)gik, (38)
whence the transformations δ~η act trivially. To put (38) into a more familiar
form let us rewrite the partial deriatives in terms of covariant derivatives
with respect to the Levi–Civita connection Γk(ij), using
∂iN
k = ∇iNk − Γk(im)Nm; ∂kgij = ∇kgij + Γm(ki)gmj + Γm(kj)gmi. (39)
Making the identification gij = hij and substituting (39) into (38), we have
δ~η,ξhij = h˙ij +N
k∂khij + (∂iN
k)hkj + (∂jN
k)hki
= h˙ij +N
k∇khij +NkΓmkihmj +NkΓm(kj)him
+
(∇iNk − Γk(im)Nm)hkj + (∇jNk − Γk(jm)Nm)hki. (40)
The pure Levi–Civita connection terms in (40) cancel out, which can be seen
by a relabelling of indices. Using this fact in conjunction with ∇khij = 0
due to metric compatability, then (40) simplifies to
δ~η,ξhij = h˙ij +∇iNj +∇jNi. (41)
Multiplication of (41) by πij combined with an integration over spacetime
and by parts yields the integrand
πijδ~η,ξhij = π
ijh˙ij + 2π
ij∇iNj −→ πijh˙ij − 2Nj∇iπij . (42)
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In analogy with (37) for the Ashtekar case, equation (42) should be the
canonical structure for metric General Relativity combined with a kinematic
constraint, provided that πij can be identified with the conjugate momentum
for the 3-metric hij . We will now make this association more precise.
4.1 Legendre transformation to the Einstein–Hilbert action
To complete the demonstration that the intrinsic spatial 3-geometry of Q(3)
includes 4-dimensional General Relativity, let us use the canonical structure
πij h˙ij to Legendre-transform (33) into the Hamiltonian description, where
πij = β
√
h
(
Kij − hij(trK)), (43)
is defined as the momentum canonically conjugate to the 3-metric hij with
Kij as given in (33). Inversion of (43) yields
Kij =
1
β
√
h
(
πij − 1
2
hij(trπ)
)
, (44)
then substitution of (44) into (33) yields
I =
∫
dt
∫
Σ
d3xN
[√
h(3)R[h] +
1√
h
(
πijπij − 1
2
(trπ)2
)]
(45)
whence the parameter β has cancelled out. To complete the Legendre trans-
formation of (45), we need to express Kij in terms of h˙ij. This requires that
we make the identification
h˙ij = 2βNKij +∇iNj +∇jNi, (46)
where N is the lapse function and Ni the shift vector. Note that (46) is the
statement that Kij is essentially the Lie derivative of hij in the direction
of the timelike 4-vector ξµ = δµ0 . Note that 2βNKij = N
(
2πij − hij(trπ)
)
,
which follows from (44). The canonical one form πijδhij implies that
πijh˙ij =
N√
h
(
2πijπ
ij − (trπ)2)+ 2πij∇iNj, (47)
where we have used the symmetry of πij. Then the Legendre transformation
of (45) is given by
H =
∫
Σ
d3xπij h˙ij − I =
∫
Σ
d3x
(
2πij∇iNj
+N
(
−
√
h(3)R[h] +
1√
h
(
πijπ
ij − 1
2
(trπ)2
))
. (48)
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Integrating by parts and discarding boundary terms, (48) becomes
H =
∫
Σ
d3x(N iHi +NH) (49)
where Hi and H are the Hamiltonian and diffeomorphism constraints on the
full Einstein–Hilbert metric phase space ΩEH = (hij , π
ij), given by
H = πijπij − 1
2
(trπ)2 −
√
h(3)R[h] = 0; Hi = ∇jπij = 0. (50)
Therefore when one makes the identifications (11), (31) and (46), then Q(3)
yields the Einstein–Hilbert action as inherent in its 3+1 decomposition.8
Note that the Hamiltonian (48) is insensitive to the presence of the parame-
ter β, but the action (33) is not. Equation (43) implies that for β = ±i, one
is in a tunneling configuration in the quantum theory since the momentum
πij is imaginary. For β = ±1 the theory is in an oscillatory configuration
since πij is real. This also suggests the identification of β with the Immirzi
parameter of the Ashtekar formalism [9].
5 Yang–Mills spatial geometry of Q(3)
We have shown how the intrinsic spatial geometry of a 3-dimensional space
Q(3) with torsion leads via Gauss’ law to the 4-dimensional Einstein–Hilbert
action. Using Q(3), we will now show how General Relativity can be thought
of as a sort of ‘generalized’ Yang–Mills theory. In the developments of [4]
and [5], the magnetic field Bia or a densitized version plays the role of the
triad Eia. This enables one to rewrite (21) completely in terms of a metric
φij = BibB
j
b constructed from the magnetic field B
i
a, thus leading to the
Einstein space condition (5). But we would like to extend this concept to
more general spacetime geometries. Let us now introduce the Ansatz
σ˜kb = βΨbfB
k
f ; (detΨ) 6= 0, (51)
where Ψbf ∈ SO(3, C) ⊗ SO(3, C) and β is a numerical constant which
remains to be determined. Substituting (51) into (21), we obtain
Rijmn =
1
β
ǫijlǫmnkσ˜
l
f σ˜
k
bΨ
−1
bf . (52)
First note on account of (51) that (52) can be written in the equivalent form
Rijmn =
1
β
ǫijlǫmnkσ˜
l
f σ˜
k
bΨ
−1
bf = βǫijlǫmnkB
l
fB
k
bΨbf . (53)
8This provides additional justification for the prescription leading to (42).
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By taking in the average of both forms in (53) we can write the Riemann
curvature tensor of Q(3) as
Rijmn = ǫijlǫmnk
[ 1
β2
σ˜lf σ˜
k
b (Ψ
−1)bf +ΨbfB
l
bB
k
f
]
= −βǫijlǫmnkT lk + 1
2
β
(
1 +
1
β2
)
ǫijlǫmnkσ˜
l
bσ˜
k
f (Ψ
−1)bf (54)
where we have defined
T ij =
1
2
[
σ˜lf σ˜
k
b (Ψ
−1)bf −ΨbfBlbBkf
]
. (55)
For the choice β = ±i the second term on the right hand side of (54) vanishes.
Then double contraction yields the 3-dimensional curvature scalar of Q(3)
R = himhjnRijmn = (deth)
−1hlkT
lk, (56)
where we have used the property of determinants of three by three ma-
trices. To obtain the Einstein–Hilbert action as inferred from (33), we
must multiply (56) by
√−g = N
√
h and integrate over spacetime. Defining
N = N/
√
h = N(detσ˜)−1/2 this yields
IEH =
∫
m
d4x
√−g(4)R =
∫
dt
∫
Σ
d3xNhlkT
lk. (57)
The left hand side of (57) is the Einstein–Hilbert action both for 4-dimensional
spacetime and for Q(3). The right hand side is the action for Yang–Mills
theory coupled to the spacetime metric gµν , where Ψbf replaces the Cartan–
Killing form for SO(3), and plays a dual role as the Yang–Mills coupling
constant. It follows, on account of (51), that the Yang–Mills field is also the
gravitational field of the theory, which in a way makes this a self-coupling.9
Moreover, hij as defined by (2) is the spatial part of the spacetime metric
gµν solving the equations of motion for IEH .
5.1 Relation with the gravitational degrees of freedom
We will now take one step back to explore the precise relation of Ψbf , as
defined by (51), to the space Q(3). The 3-dimensional Ricci tensor for Q(3),
is obtained by contraction of (52) with hjn
Rim = h
jnRijmn =
1
β
hjnǫjliǫmnkσ˜
l
f σ˜
k
bΨ
−1
bf
=
1
β
(deth)−1
(
hlmhik − hlkhim
)
σ˜lf σ˜
k
bΨ
−1
bf =
1
β
(
ebie
f
m − himebkefk
)
Ψ−1bf . (58)
9This observation will lead us to the instanton representation of gravity, which will be
introduced later in this paper.
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Another contraction of (58) with him will yield the three dimensional cur-
vature scalar
R = himRim = − 2
β
(ebkefk)Ψ
−1
bf . (59)
From (59) and (58) we can form the three dimensional Einstein tensor
Gim = Rim − 1
2
himR =
1
β
ebie
f
mΨ
−1
bf . (60)
One sees from (60) that the inverse matrix Ψ−1bf has the physical interpreta-
tion of the Einstein tensor for a three dimensional space Q(3) with torsion,
expressed in the triad frame. Let us perform the following decomposition
Ψ−1bf = δbfϕ+ ψbf + ǫbfdψ
d (61)
where ψbf is symmetric and traceless. For ψ
d = 0 and ϕ = −Λ3 , where Λ is
the cosmological constant, we have
Ψ−1bf = −
(Λ
3
)
δbf + ψbf , (62)
whence ψbf takes on the interpretation of the spinorial form of the self-
dual part of the Weyl curvature tensor as introduced in [11], [12]. While
we have already explicitly obtained 4-dimensional General Relativity from
Q(3), this might appear naively to present a paradox as it is commonly stated
that the Weyl tensor Cijkl should vanish in 3-dimensions. Indeed, from the
decomposition of the Riemann tensor
(3)Rijkl = hikRjl − hilRjk + hjlRik − hjkRil − 1
2
R
(
hikhjl − hilhjk
)
, (63)
one sees that Cijkl does not explicitly appear. However, substitution of the
left hand sided equality of (60) into (63) yields
(3)Rijkl = hikGjl − hilGjk + hjlGik − hjkGil. (64)
It is not difficult to see that substitution of the right hand sided equality
of (60) into (63) yields (52) which as we have shown is really the full 4-
dimensional Riemann curvature tensor. This suggests that the Weyl tensor
in (63) is not really zero, but rather is contained in Ψ−1bf . Therefore, (57)
suggests that General Relativity can be thought of literally as a ‘generalized’
Yang–Mills theory with the Weyl tensor replacing the Yang–Mills coupling
constant. We will prove more rigorously that this is indeed the case.
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6 The Bianchi identities for Q(3)
Having related 4-dimensional metric General Relativity with Yang–Mills
theory via Q(3), the Ashtekar variables and the Ansatz (51), we will now
establish the nature of the coupling field Ψbf by exploiting a few properties
of Q(3). Since Gij is an Einstein tensor then it should satisfy the contracted
Bianchi identities for Q(3). The first Bianchi identity is Ri[jmn] = 0, and
using (52) we have
Rijmnǫ
ijm = ǫijmǫjliǫmnkσ˜
l
f σ˜
k
bΨ
−1
bf
= 2ǫkmnσ˜
k
b σ˜
m
f Ψ
−1
bf = 2(detσ˜)(σ˜
−1)dnǫdbfΨ
−1
bf = 0 (65)
where we have used (detσ˜) 6= 0. The result is that the first Bianchi identity
for Q(3) requires that the antisymmetric part of Ψbf be zero, or that Ψbf =
Ψbf be symmetric.
Let us impose the following conditions on on Gij
ǫkijGij = 0; Λ + h
imGim = 0, (66)
which from (59) implies the Einstein space condition R = 2Λ with k = 6Λ
in (5). Equations (66) imply the following four constraints on the nine
components of Ψbf
ǫdbfΨ
−1
bf = 0; βΛ+ trΨ
−1 = 0. (67)
But 4-dimensional General Relativity should have two unconstrained degrees
of freedom per point, which implies that there must be three additional
constraints on the five remaining components of Ψbf . To determine these
constraints, it will be instructive to examine the associated constraints on
Gij . SinceGij is an Einstein tensor, then it should also satisfy the contracted
second Bianchi identity for Q(3), ∇jGij = 0 in addition to (66). Let us act
with the gauge covariant derivative Dk on the quantity
Gij = e
b
ie
f
jΨ
−1
bf . (68)
Since Gij does not have internal indices, then its gauge covariant derivative
is the same as its partial derivative. Hence, acting with the gauge covariant
derivative on (68), we have for the left hand side that DkGij = ∂kGij .
Expanding the right hand side and using (7), we have
DkGij = ∂kGij = (Dke
b
i )e
f
jΨ
−1
bf + e
b
i (Dke
f
j )Ψ
−1
bf + e
b
ie
f
j (DkΨ
−1
bf )
= Γmkie
b
me
f
jΨ
−1
bf + e
b
iΓ
m
kje
f
mΨ
−1
bf + e
b
ie
f
j (DkΨ
−1
bf )
= ΓmkiGmj + Γ
m
kjGim + e
b
ie
f
j (DkΨ
−1
bf ). (69)
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Transferring the Γijk terms to the left hand side, equation (69) can be rewrit-
ten as
∇kGij = ebiefj (DkΨ−1bf ), (70)
whence one recognizes the definition of the covariant derivative of Gij , seen
as a tensor of second rank, with respect to the connection Γkij. The right
hand side of (70) will have a part due to ∂kΨ
−1
bf and a part free of spatial
derivatives. For the first part we will use the matrix identity
∂kΨ
−1
bf = −Ψ−1ba (∂kΨac)Ψ−1cf . (71)
Hence, expanding (70) while using (71) and index reshuffling yields
ebie
f
j (DkΨ
−1
bf ) = e
b
ie
f
j
(
−Ψ−1ba (∂kΨad)Ψ−1df − fbcdAckΨ−1df − ffcdAckΨ−1bd
)
= −ebiefjΨ−1ba
(
∂kΨad +ΨagfgcdA
c
k + fgcaA
c
kΨgd
)
Ψ−1df . (72)
We have used the definition of the gauge covariant derivative of a second
rank SO(3, C) tensor in (72). Note that for the special case Ψ−1ab = δabk for
numerically constant k causes (72) to vanish, which yields the Einstein space
in [4]. In the general case Ψbf contains gravitational degrees of freedom,
which implies more general geometries.
To form the contracted second contracted Bianchi identity for the Ein-
stein tensor Gij , contract (70) with h
jk, which yields
∇jGij = −Ψ−1ba Ψ−1df ebiEjfDjΨad = −(Ψ−1ba ebj)(Ψ−1df Ejf )DjΨad. (73)
Using Eia = (detσ˜)
−1/2σ˜ia in conjunction with (51), then (73) reduces to
∇jGij = −(GjmEma )(detσ˜)−1/2BjdDjΨad. (74)
Defining BjdDjΨad ≡ wd{Ψad}, then the Bianchi identity for Q(3) reduces
to
∇jGij = −(detσ˜)−1/2(GjmEma )wd{Ψad} = 0. (75)
Hence if we require that wd{Ψad} = 0, then this guarantees that the Bianchi
identity is satisfied. So augmenting the list of constraints (67) and (66) to
ǫdbfΨ
−1
bf = 0; βΛ + trΨ
−1 = 0; we{Ψae} = 0;
−→ ǫkijGij = 0; Λ + himGim = 0; ∇jGij = 0 (76)
completes the list of constraints on our system in order that it exhibit two
unconstrained degrees of freedom. The first and second Bianchi identities
for the space Q(3) imply that the traceless part of Ψ−1bf is the self-dual Weyl
tensor. The trace of Ψ−1bf is fixed by the requirement that the scalar curvature
of Q(3) is twice the cosmological constant. Equations (76) generalize the
results of [4] to include more general geometries.
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7 Conclusion and discussion
This paper has elucidated on the relations amongst the Ashtekar variables,
3-dimensional intrinsic spatial geometry, 4-dimensional General Relativity,
and Yang–Mills theory. We have shown that the Gauss’ law constraint
in Ashtekar variables implies the existence of a 3-dimensional Riemannian
space with torsion, defined as Q(3). When Gauss’ law holds, the torsion
of Q(3) must contain six rather than nine degrees of freedom in order to
yield a metric theory. By associating these degrees of freedom with the
extrinsic curvature tensor Kij, we showed that the (3-dimensional) Riemann
curvature tensor of Q(3) is the same as the (four dimensional) Riemann
curvature tensor via the 3+1 ADM decomposition of General Relativity.
We have shown that the associated Einstein–Hilbert action is equivalent
to an action defined on Q(3) corresponding to a Yang–Mills theory with a
field Ψae playing the role of a coupling constant. The field Ψae encodes
the gravitational degrees of freedom of a 4-dimensional spacetime solving
the Einstein equations. We showed this via the Bianchi identities of the
space Q(3), which proved that the traceless part of Ψ−1ae is the self-dual Weyl
curvature tensor exhibiting the two degrees of freedom of 4-dimensional
General Relativity.
7.1 The instanton representation of Plebanski gravity
The main result of this paper has been to establish the physical foundations
for the space Q(3) in relation to 4-dimensional General Relativity and Yang–
Mills theory. We will show that the first line of (76) can be obtained from
an action principle derivable from the Ashtekar variables, which implies the
existence of a General Relativity formulation in terms of the field Ψae. Using
the definition of the determinant of 3 by 3 matrices
detσ˜ =
1
6
ǫijkǫ
abcσ˜iaσ˜
j
b σ˜
k
c ; (σ˜
−1)ck =
1
2
ǫijkǫ
abcσ˜iaσ˜
j
b , (77)
then the action (3) in Ashtekar variables can be written as
IAsh =
∫
dt
∫
Σ
d3xσ˜iaA˙
a
i +A
a
0Diσ˜
i
a + ǫijkN
iσ˜jaB
k
a − iN
√
detσ˜
(
Λ+ (σ˜−1)aiB
i
a
)
.(78)
Substitution of (51) into (78) yields the action
IInst = β
∫
dt
∫
Σ
d3x
[
ΨaeB
i
eA˙
a
i +A
a
0we{Ψae}
+ǫijkN
iBjaB
k
eΨae − iβ−1/2N
√
detB
√
detΨ
(
βΛ + trΨ−1
)]
, (79)
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whose constraints are the first line of (76). We will refer to (79) as the
instanton representation of Plebanski gravity. A few remarks are in order.
(i) The phase space variables for IInst are the field Ψae and the Ashtekar
connection Aai . (ii) The connection A
a
i can be seen as the spatial part of a
4-dimensional gauge connection Aaµ. (iii) The temporal part of A
a
µ, given by
Aa0 smears the Gauss’ law constraint of (79). But we have
Ga = Diσ˜
i
a = we{Ψae} ∼ ∇iGij ∼ T iik, (80)
which shows that the Gauss’ law constraint Ga is nothing other than the
second Bianchi identity of Q(3). Recall that Gauss’ law was required in
order for 4-dimensional metric General Relativity to follow from Q(3). So
the physical principle which demands that Gauss’ law be satisfied is simply
a consistency condition implied by the Bianchi identity. This closes the
missing link in the equivalence of intrinsic 3-dimensional spatial geometry to
4-dimensional General Relativity and to Yang–Mills theory. Therefore, IInst
is another formulation of Einstein’s General Relativity using new variables
Ψae and A
a
µ. In Appendix A we will examine the effect of relaxing the Gauss’
law constraint.
The action (79) has been obtained from more fundamental principles
in [14]. The future directions of research will include the establishment of
IInst as a new reformulation of general relativity and to fully explore its
consequences at the classical and the quantum levels. The action (79) is
related to an action appearing in [13] which was used to obtain the pure
spin connection formulation of General Relativity by Capovilla, Jacobson
and Dell. It is explained in [14] the similarities and the differences between
these actions.
8 Appendix A: Relaxation of the metricity condi-
tion
We have shown, when Gauss’ law holds, that the space Q(3) is consistent
with Einstein’s 4-dimensional General Relativity. In this appendix we will
examine the situation when one chooses to relax Gauss’ law. Recall that
the 3-dimensional Riemannian curvature of Q(3) is given by
Rnijm =
(3)Rnijm[h] + T
k
jmT
n
ik − T kimT njk +∇[iT nj]m. (81)
First contract n with j to form the 3-diemsional Ricci tensor
Rim = R
j
ijm =
(3)Rim[h] + T
k
jmT
j
ik − T kimT jjk +∇[iT jj]m. (82)
Then contract (82) with him to form the 3-dimensional Ricci tensor. This
yields
R = himRim =
(3)R[h] + himT kjmT
j
ik + h
im∇[iT jj]m, (83)
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which eliminates one of the torsion squared terms due to antisymmetry. The
remaining torsion squared term is of the form T kjmT
jm
k , which suggests iden-
tification with an extrinsic curvature term squared. Perform the following
decomposition
T nim = ǫimlK
ln + δni am − δnmai, (84)
where K ln is symmetric. The physical interpretation of am arises from
taking the trace of (84), which yields am =
1
2T
i
im. Substitution of (84) into
the middle term of (83) yields
himT kjmT
j
ik = h
imǫiknǫmljK
klKnj − 2hijaiaj . (85)
Upon making the identification
himǫiknǫmlj = hklhnj − hkjhnl, (86)
The first term of (85) indeed reduces to (trK)2 − trK2, which confirms the
interpretation of Kij as the extrinsic curvature tensor. This also implies
that ǫijk is a tensor density, corresponding to curved space. Substituting
these results into (83) yields
R = (3)R+ (trK)2 −KijKij +∇mam − 2amam. (87)
The 3-vector am is directly proportional to the nonmetricity of the theory.
For am = 0 the theory becomes metric, whereupon the right hand side
becomes the 3+1 decomposition of the four dimensional Riemann curvature
tensor. In the general case the decomposition of its three dimensional affine
connection is given by
Γkij = Γ
k
(ij) + ǫijmK
mk +
(
δki δ
n
j − δkj δin
)
(σ˜−1)anGa. (88)
One could also interpret the nonmetric theory (87) as metric gravity coupled
to a new field am.
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